We construct microscopic Hamiltonians for symmetry-preserving topologically ordered states on the surface of topological crystalline superconductors, protected by a Z2 reflection symmetry. Starting from ν Majorana cones on the surface, we show that the semion-fermion topological order emerges for ν = 2, and more generally, SO(ν)ν topological order for all ν ≥ 2 and Sp(n)n for ν = 2n when n ≥ 2.
Introduction -Three-dimensional topological insulators and superconductors [1, 2] , prominent examples of symmetry-protected topological (SPT) phases, feature topologically protected gapless surface states. It has been established that the nontrivial nature of the bulk phase manifests in the quantum anomalies of the boundary states: it is impossible to realize the same kind of physics in truly two-dimensional systems with the given symmetries. Recently, investigations of interaction effects reveals a new type of surface termination [3] , namely the surface may enter a fully gapped topologically-ordered state, known as surface topological order (STO), while preserving all symmetries (i.e. they are symmetry-enriched topological (SET) phases), and the anomaly manifests in the way that surface anyon excitations transform under the symmetry [4, 5] .
Despite the rapid progress in the theoretical understanding of STOs and anomalous SETs in general, the question of microscopic realizations of STOs, in particular starting from non-interacting surface states, remains largely open. For time-reversal-invariant class AII topological insulators (TI) and class DIII superconductors (TSC), several different approaches, including vortex condensation [6] [7] [8] [9] [10] [11] [12] [13] , coupled layer constructions [14, 15] and decorated Walker-Wang models [5, [15] [16] [17] have been pursued and a number of possible STOs have been identified, leading to a rather complete understanding of the classifications of interacting TIs and TSCs in (3+1)D [7, 18, 19] . However, these methods do not provide much clue about what kind of microscopic interactions on the Dirac/Majorana surface can stablize the STOs. Besides, the question of what type of STO can appear on the surface of TSCs with an odd number of Majorana cones has remained out of reach for the aforementioned approaches.
In this work we set out to answer these questions for topological crystalline superconductors (TCSC), protected by a Z 2 reflection symmetry group (denoted by Z R 2 = {1, R}) [20] [21] [22] . Although time-reversal and mirror reflection are different symmetries in condensed matter systems, from the point of view of low-energy theory often with emergent Lorentz symmetry they can be treated on equal footing [23] [24] [25] [26] , and indeed the bulk classification and surface states of Z R 2 TCSC are very similar to those of class DIII TSC. With non-interacting surface theories as the starting point, we develop a microscopic construction of STOs, employing the powerful technique of bosonization. We explicitly construct microscopic Hamiltonians to realize STOs known from previous works, and also present a family of new non-Abelian STOs -the SO(ν) ν Chern-Simons theories -for TCSCs having ν number of surface Majorana cones. Our method thus provides a constructive answer to the issue of STO connected to an odd number of Majorana cones. In addition, while we focus on STOs of TCSCs in the main text, our theory provides a general framework for microscopic constructions of (2+1)D topological phases enriched by reflection symmetry.
Microscopic constructions -Our construction is inspired by the "dimensional reduction" perspective on reflection SPT phases [27, 28] , relating Z R 2 SPTs in three dimensions to on-site Z 2 SPTs in two dimensions. To make the idea concrete, consider a non-interacting TCSC protected by the Z R 2 symmetry. We will set the mirror plane to the x = 0 plane. An integer topological invariant ν of the TCSC bulk determines the number of Majorana cones on a reflection-symmetric surface [29] , say the xy plane z = 0. We describe the Majorana cones with the following Hamiltonian:
Here χ is a two-component Majorana field and transforms under the reflection symmetry as Rχ(x, y)R
T a σ y χ b is forbidden by the reflection symmetry. However, we can allow a spatially-varying mass M and if M is an odd function of x, i.e. M (−x) = −M (x), the mass term preserves R. For instance, we can set M (x) = M sgn(x) where there is a mass domain wall at x = 0. In this case, there are ν chiral Majorana fermions localized on the domain wall [30] , which explains the Z classification of non-interacting TCSCs.
In this setup, to obtain a fully gapped surface we need to introduce interacting topological order to gap out the remaining chiral Majorana fermions, while preserving the R symmetry. We attach a suitable (2+1)D topological phase C to the x < 0 half plane, and its mirror image C to the other half x > 0, so the R symmetry is respected microscopically. The low-energy theory consists of the edge theories of C and C, as well as the gapless channel on the mirror axis:
Here we use Φ l/r , Φ m to denote the corresponding field variables, as illustrated in Fig. 1 . The reflection symmetry swaps C with C, therefore
To construct a STO, we should be able to find Rsymmetry preserving interactions to gap out all the lowenergy modes, which is the subject of the rest of the paper. We will also analyze how the R symmetry acts in the resulting STOs. ν = 2: Semion-fermion theory -We first illustrate our method for ν = 2 TCSCs. In the domain wall setup, there are two chiral Majorana fermions, or equivalently, a single chiral Dirac fermion ψ m1 . To faciliate the construction, we introduce an additional pair of chiral Majorana fermions γ l and γ r , propagating in the same direction as the ones on the domain wall. This pair of Majorana fermions comes from surface reconstruction, i.e. by attaching a layer of 2D topological superconductor, as illustrated in Fig. 2 . We then form their linear combinations
Under the reflection the new fields transform as
We then bosonize ψ m1 ∼ e iφm1 , ψ m2 ∼ e iφm2 [31] , and
Illustration of the ν = 2 surface, with an additional layer of 2D superconductor. Here C is the Chern number of the superconducting state.
Now we show how to gap out the surface by introducing C = U(1) 2 topological order (i.e. the image of a U(1) Chern-Simons theory at level 2). Edge states of a U(1) ±2 state can be described by a chiral Luttinger liquid [32] . Together with the bosonized chiral fermions on the domain wall, we denote the fields collectively as Φ = (φ l , φ r , φ m1 , φ m2 )
T , where φ l and φ r are the chiral bosons for the U(1) ∓2 states on the two sides, propagating in the opposite direction to the domain wall fermions. The Luttinger liquid Lagrangian density reads
Here K is the following symmetric integer matrix:
and V is the velocity matrix.
To gap out the edge and domain wall modes, we add the following backscattering potentials:
We assume u < 0 for simplicity. Notice that both terms are legitimate local interactions built out of local operators (i.e. e ±2iφ l/r ), and manifestly symmetric under R. We will assume that the density-density interactions are tuned to make both consine terms relevant. It is straightforward to check that the arguments of the cosine terms commute with each other, therefore can be pinned to classical minima of the cosine potentials simutaneously. Using the results developed in Ref. [33] and Ref. [34] , one can show that there is a unique ground state of the cosine potentials, ruling out the possibility of spontaneous symmetry breaking.
The STO we constructed is known as the "semionfermion" theory [17] , and was derived on the surface of the ν = 2 class DIII TSC by vortex condensation [5, 7] . Anyons in the theory are denoted by {1, s}×{1, f }, where s represents a semion and f is the physical electron. The time-reversal or reflection symmetry has a unique action on the anyons: under R, a semion s has to become sf since time-reversal/reflection symmetries reverse orientations.
It is illustrative to explicitly derive the R action from the microscopic construction. To this end we first determine the form of anyon string operators. For concretness, imagine making two relatively small holes at (−x 0 , 0) and (x 0 , 0). Excitations on these two holes can also be described by U(1) ∓2 chiral Luttinger liquid theories, whose fields are denoted by φ l and φ r respectively. Define the following string operator
which creates s and sf at the two holes respectively, with an additional fermion f in the middle. Because φ l + φ r + φ m1 is pinned by the gapping potentials, no other excitations are created except at the two holes. Apparently the string operator is invariant under R, which is only possible when R(s) = sf . For such anyons, we can define the reflection quantum number η s of the state created by applying W s to the ground state [35] [36] [37] . In the present case it is obvious that η s = 1. We discuss a modified construction with η s = −1 in the Supplementary Material. ν ≥ 3: SO(ν) ν Theory -We now describe a general construction of STOs for ν ≥ 2 TCSCs. In order to handle odd ν, we will use non-Abelian bosonization [38, 39] , which we now briefly review. The field theory of n chiral Majorana fermions enjoys an emergent SO(n) symmetry, associated with the following conserved currents:
Here z = τ + iy is the complex space-time parameter.
The indices a, b run from 1 to n. Σ β are antisymmetric n × n matrices which generate the so(n) Lie algebra. A common choice of the basis is labeled by (r, s) where 1 ≤ r < s ≤ n, and the corresponding matrix reads: Σ 
where f αβγ are the structure constants of so(n) Lie algebra. With the definition of currents, the energymomentum tensor of the free theory can be built using the Sugawara construction:
The central idea of our construction is to exploit the following conformal embedding of Wess-Zumino-Witten models [39, 40] :
This can also be viewed as a level-rank duality of the corresponding Chern-Simons gauge theories, which implies that the SO(ν) ν theories are time-reversal/mirror symmetric, first observed in Ref. [41] . The conformal embedding stems from the natural embedding of the so(ν) matrix Lie algebra to so(ν 2 ). To see the embedding explicitly, we represent the indices for so(ν 2 ) matrices as a pair a = (a 1 , a 2 ) where a 1 , a 2 = 1, 2, . . . , ν. Then any so(ν) matrix can be embedded into so(ν 2 ) by taking tensor product with the ν × ν identity matrix from the left and the right. More explicitly, we define
We define the two so(ν) l/r ν currents:
It is straightforward to check that
and J α l (z)J β r (w) contain no singular terms, for α, β valued in the indices {(r, s), 1 ≤ r < s ≤ ν}. This is the expected current algebra for two commuting copies of so(ν) ν . Furthermore, we can also check that the Sugawara energy-momentum tensors decompose:
We provide details of these calculation in the Supplementary Material. We now apply the decomposition of the current algebra to the present problem. We introduce additional ν(ν − 1) chiral Majorana fermions (with the same chirality) by attaching p x ± ip y superconductors to the surface in a reflection-symmetric manner. We index the ν 2 modes by (a 1 , a 2 ), such that the reflection action is given by
All χ (a1,a2) with a 1 = a 2 are thus "trivial", coming from surface reconstruction (i.e. attaching p x + ip y layers). Only the ν "diagonal" ones χ (a,a) are invariant under reflection. In other words, the bulk topological invariant is still ν. Importantly, we find that under reflection:
This fact is the key for the construction to work.
The conformal embedding naturally motivates SO(ν) ν as the STO. Since the SO(ν) ν topological order is relatively unfamiliar, we here give a coupled wire construction the STO [42] , generalizing that of SO(3) 3 given in Ref. [40] . Let us make an array of domain walls:
At each domain wall x = jL, there is a bundle of ν chiral Majorana fermions, labeled as χ j,a with a = 1, 2, . . . , ν.
For even/odd j, the fermions move upwards/downwards. We then attach to each domain a 2D topological superconductor with Chern number equal to ±
, such that there are exactly ν 2 chiral Majorana fields at each domain wall. For each bundle we can use the splitting to define so(n) n currents J l/r,j . Clearly the setup can be made reflection-symmetric, with the following R transformations:
We are finally prepared to write down the gapping interactions:
Notice that J r,j and J l,j+1 have opposite chiralities. See Fig. 3 for an illustration of the construction. It is clear that with the transformation rules given in Eq. (22) this Hamitonian preserves the reflection symmetry. H consists of four-fermion interactions, and when u > 0 the term is marginally relevant, flowing to strong coupling and gapping out the left-and right-moving degrees of freedom from neighboring domain walls [40] . We now analyze the resulting STOs for ν = 3, 4 more carefully:
1. SO(3) 3 . SO(3) 3 as an anyon model can be described as the subcategory of integer spins in
R(a) (0, 0) (2, 0) ( SU(2) 6 theory [17] . There is only one nontrivial anyon type, denoted by s, with the fusion rule and topological twist given by
The action of the reflection symmetry is again uniquely fixed: R(s) = sf . The possibility of the SO(3) 3 theory as the STO of a root class DIII TSC was first proposed in Ref. [17] [43] Recently, based on a conjectured formula relating the data of STO to the bulk topological invariant [44] [45] [46] , it was suggested that SO(3) 3 should be realized on the surface of ν = 3 TSC. Here we give a constructive proof of this result for TCSC.
2. SO(4) 4 . Since so(4) su(2) ⊕ su(2), SO(4) 4 can be understood as SO (4) . This expression means that we condense the Z 2 boson (2, 2) in SU(2) 4 × SU(2) 4 . The spectrum of anyon types can be worked out using the theory of anyon condensation [47] [48] [49] [50] , and we list them in Table I . We should notice that, unlike SO(3) 3 , SO(4) 4 by itself is a purely bosonic theory, i.e. the physical fermions are decoupled in the topological order.
At the moment we do not know how to derive the symmetry action directly from the Hamiltonian Eq. (23) for general ν. A detailed analysis of the R action in this SET will be presented elsewhere [51] , and we briefly summarize the results in Table I [52] .
Conclusions and discussions -In this work we present a microscopic theory of STOs for TCSCs. The approach makes the connection between the STOs and the noninteracting surface states very explicit. The applicability of our construction extends well beyond STOs of TCSCs. In the Supplementary Material, we discuss (i) how to construct reflection-symmetric Z N toric code phases, both anomalous and non-anomalous ones (ii) a different family of non-Abelian STOs, Sp(n) n CS theories, for TCSC with ν = 2n, and (iii) adaption of the construction to topological crystalline insulators with U(1) charge conservation. We have thus provided the first computation of time-reversal/parity anomalies in SO(n) n and Sp(n) n Chern-Simons theories [41] .
It is useful to compare our results with previous works applying similar methods to TIs/TSCs protected by stag-gered time-reversal symmetry [40, [53] [54] [55] or glide symmetry [56] . There the time-reversal or reflection transformation squares to a lattice translation, and this fundamental difference in the symmetry group structure alters the classification completely for TSCs. For example, with time-reversal or reflection symmetries TSC has a Z classification for free fermions and Z 16 for interacting ones, but for staggered time-reversal or glide symmetries even the free fermion classification is just Z 2 [40, 56] , and thus exhibit a much weaker topological protection.
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Supplementary material

SUMMARY
In this supplementary material we study more examples of (2+1)D reflection symmetry-enriched topological phases within our model of coupled edges: (i) we construct Z N toric code models with a reflection symmetry, particularly paying attention to how reflection quantum numbers can be computed in the microscopic models. (ii) we carry out the construction for STOs of topological crystalline insulators (TCI). (iii) We show that Sp(n) n can arise as the STOs of topological crystalline superconductors with bulk invariant being ν = 2n. (iv) we also record some calculational details for the conformal embedding used in the main text.
ZN TORIC CODE
In this section we study the example of reflection-symmetric Z N toric code to illustrate the construction, in particular how the gapping potentials encode reflection symmetry fractionalization.
In the construction, we place a Z N toric code in the left half plane x < 0, and its mirror image in the right half plane. We will also consider the possibility of an additional nonchiral Luttinger liquid on the mirror plane. We will need to couple the two edges of the Z N toric code together (possibly with the LL on the mirror plane as well) to have a fully gapped phase. Notice that we can not simply gap out the two edges separately. The edges must be glued such that quasiparticles can move freely across the mirror axis.
To describe Z N toric code we use a K matrix K = N σ x , and denote the edge fields as (φ l , θ l ) T and (φ r , θ r ) T respectively. One possibility is to directly gap out the two edges by the following gapping potentials:
Notice that α can be arbitrary, but β is fixed to be 0 or π by the reflection symmetry. Without loss of generality, we set α = 0 and u, v > 0. The φ l + φ r field is pinned to 2πn N , and θ l − θ r is pinned to 2πn N + β N , where n, n ∈ Z. From the Hamiltonian we can determine how anyons transform under reflection. To this end we first determine the form of anyon string operators. For concretness, imagine making two relatively small holes at (−x, 0) and (x, 0). Excitations on these two holes can also be described by Luttinger edge theories, whose fields are denoted by Φ l and Φ r respectively. Define the following string operator
We leave the coordinate of φ l unspecified in the definition. Similarly we define W eR = e i(φ r −φr) . Joining them together, we obtain the following string operator
which creates e andē at the two holes. Apparently the string operator is completely invariant under reflection, which implies
and η e = 1. Now let us consider m instead. A string to pair create m andm is given by
W m is obviously not symmetric under reflection, consistent with
When N is even, we expect that the string W N/2 m can be made reflection symmetric. To see this explicitly, we turn on gapping terms L hole ∝ −(cos N θ l + cos N θ r ) on the two holes. Under the reflection,
Projecting to the low-energy sector, we find that the reflection eigenvalue is
Now assume N is even and we put on the mirror axis an additional 1D Luttinger liquid, i.e. K m = σ x , with fields φ m and θ m . We also impose the following Z R 2 transformation:
The following perturbations can gap out the edge modes:
It is straightforward to check that these terms commute with each other. Notice that the last two terms essentially enforce N φ l − N φ r = bπ in the ground state. We can again construct the string operators:
Due to the factor e −iφm in W e , we now have η e = (−1) a . The computation of η m N/2 is essentially identical to the previous case, so η m N/2 = (−1)
b . When a = b = 1, the resulting SET is anomalous. This is consistent with Eq. (S9) describing the edge of a Z 2 SPT phase in two dimensions, so that the bulk is a nontrivial reflection SPT. For N = 2, an exactly-solvable lattice model for this so-called eP mP state was studied in Ref. [28] .
SEMION-FERMION THEORY WITH ηs = −1
To get a semion-fermion STO with η s = −1, we modify the R symmetry transformation on the domain wall fields:
The gapping potential is modified accordingly to
We now have
implying η s = −1.
If we ignore the auxilary Dirac fermion ψ m2 , the domain wall Dirac fermion ψ m1 transforms as Rψ m1 R −1 = −ψ m1 . This is in fact the "conjugate" phase of the one discussed in the main text. To see why this is the case, we stack the two states together and the surface domain wall now has two Dirac fields ψ m+ and ψ m− which transform as
The two can be gapped out by introducing a pair of "trivial" chiral Dirac fields ψ l , ψ r with opposite chirality, transforming under R as Rψ L R −1 = ψ r . All modes then can be gapped by the following coupling:
In this section we show that Sp(n) n theory can arise as the STO for ν = 2n TCSC. To this end we exploit the following conformal embedding
First, we explain how the two copies of matrix Lie algebra sp(n) embed into so(4n 2 ). We notice that Sp(n) n can be viewed as the group of unitary n × n quaternion matrices. A quaternion can be written as a = a 0 +
Conjugation is defined asā = a 0 − 3 i=1 a i e i . The Lie algebra sp(n) is given by n × n quaternionic matrices B which satisfy
In terms of components:
Therefore sp(n) has
= n(2n + 1) generators. We now discuss the embedding of sp(n) into so(4n 2 ). Consider a n × n quaternionic matrix X. We can mutiply a quaternionic matrix B from sp(n) with X from left or from right. Now we unpack X to get a 4n 2 -dimensional real vector. The left/right multiplication of B then gives two 4n 2 × 4n 2 real skew symmetric matrices. Let us make this more explicit. For the left multiplication, we have
We write it asX
Clearly Σ l is a skew-symmetric matrix. Similarly we define Σ r from right multiplication: (Σ r ) ij a1a2,b1b2 = δ a1b1 R ij a2b2 , where R is defined by R 00
L and R only differ by a minus sign in the ij entry, which turns out to be actually crucial. Now consider 4n 2 free chiral Majorana fermions χ i ab , where a, b = 1, 2, . . . , n and i = 0, 1, 2, 3. We define two sp(n) l/r n currents
Here Σ l/r are the set of matrices derived from generators of sp(n). It is straightforward to show that: (1) The currents we define indeed satisfy the current algebra of sp(n) n . (2) The energy-momentum tensor of so(4n 2 ) 1 decomposes. The Hamiltonian is a straightforward generalization of the one for SO(ν) ν in the main text.
Now we need to impose reflection symmetry on the Majorana fields, such that the reflection maps the two subalgebras into each other. Clearly we need χ a1a2 ↔ χ a2a1 . However, this is not enough: due to the minus sign in the ij entry, we need an additional exchange of two indices among 1, 2 and 3. Which pair to choose does not matter, say 1 and 2. Therefore, the reflection-invariant Majorana modes are χ 0 aa and χ 3 aa for a = 1, 2, . . . , n and there are 2n of them. We thus conclude that the bulk has the topological invariant ν = 2n.
STOS OF TOPOLOGICAL CRYSTALLINE INSULATORS
Topological crystalline insulators in 3D are classified by the mirror Chern number n ∈ Z. A reflection-symmetric surface hosts ν Dirac cones:
where reflection acts on the Dirac fields as
Again we can turn on the following spatially-varying mass:
in which M (x) is an odd function of x: M (−x) = −M (x) to preserve the reflection symmetry. We find that there are ν chiral Dirac fermions living on the domain wall.
We first construct a charge-conserving non-Abelian STO for the ν = 1 TCI, the T-Pfaffian state [9, 15, 58] . First we briefly review the topological order of T-Pfaffian. It can be described by a quotient theory [Ising × U(1) −8 ]/Z 2 : the quasiparticles are labeled by a j where a = I, σ, ψ labels anyon types in the Ising theory, and [j] labels anyon types in the U(1) −8 theory, subject to the rule that odd j's have to pair up with a = σ and even j's can pair up with a = I, ψ. ψ 4 has trivial braiding with all other particles, and is identified as the physical fermion.
The edge theory is described by a neutral chiral Majorana field and a charged chiral boson:
Here v n , v c > 0 set the velocities of the two modes. Importantly, the edge theory posseses a Z 2 gauge symmetry generated by
which guarantees that local operators are built out of electron operators χe −2iφ . Under a U(1) phase rotation of angle α, φ transforms as φ → φ − α 2 . We denote this edge theory as [MF × U(1) −2 ]/Z 2 . We turn on the following gapping potential:
Schematically, this term can be represented in terms of electron operators as ψ
. Naively the potential has multiple minima corresponding to φ l + φ r + φ m = kπ 2 where k ∈ Z. However, they are in fact related to each other via the Z 2 gauge transformation φ l → φ l + π 2 , so there is only a unique ground state. Namely, the would-be "order parameter" e 2i(φ L +φr+φm) is not a local operator. We then choose a gauge in which φ l + φ r + φ m = 0. The term essentially identifies the Z 2 gauge symmetries from the two theories.
Let us determine what are the remaining fields. The Majorana fermions χ l and χ r are not affected by the gapping potential. For the three bosons φ l , φ r and φ m , the gapping potential freezes the combination φ l + φ r + φ m , therefore any linear combination that does not commute with it must be gapped. The remaining propagating field isφ m = 2φ l +φ m −2φ r −φ m . One can easily check thatφ m satisfies a commutation relation [φ m (y), ∂ y φ m (y )] = iπδ(y −y ), which means that we can refermionizeψ m = e −iφm . Notice thatψ is not gauge-invariant: it transforms asψ m → −ψ m . While under the reflection, we still have
We then add the following electron tunneling terms and project to the low-energy subspace:
where we have introduced
. Notice thatψ m and χ L/R have opposite chiralities. When t is complex, all remaining fermions are gapped out while preserving the reflection symmetry. n = 2: Z4 gauge theory For n = 2, there are two chiral Dirac fermions on the domain wall, denoted by ψ mj with j = 1, 2. We first add an additional pair of chiral Dirac fermions ψ l and ψ r propagating in the opposite direction. Under reflection they transform into each other: Rψ l R −1 = ψ r . Therefore, the addition does not change the bulk and can be considered as a kind of surface reconstruction. We can form the linear combinations ψ ± = 1 √ 2
(ψ l ± ψ r ), and turn on a coupling term −δ(ψ † + ψ m2 + h.c.) to gap out a pair of counter-propagating Dirac fermions. We are left with non-chiral Dirac fermions ψ m1 and ψ − , with the reflection action given by
They can be bosonized ψ m1 ∼ e iφm1 , ψ − ∼ e −iφm2 , and under reflection Rφ m2 R −1 = φ m2 + π. To gap out the edge modes, we introduce a Z 4 toric code on the surface. The low-energy Luttinger liquid theory is defined by the following K matrix:
with the bosonic fields being Φ = (φ L1 , φ L2 , φ R1 , φ R2 , φ m1 , φ m2 ) T . We postulate that the charge vector takes the form t = (0, 2, 0, 2, 1, 1). Namely, e anyons (represented by e iφ L1 or e iφ R1 ) in the Z 4 toric code carry half electric charges. We note that although in principle an e anyon can carry 1/4 electric charge, this is forbidden by the charge-statistics relations for a system of electrons: since e 4 is a bosonic local excitation, it has to carry even number of electric charges. We add the following gapping potentials: L = − u cos 4(φ L1 + φ R1 + φ L2 + φ R2 + φ m2 ) − v cos(4φ L1 − φ m1 + φ m2 ) + v cos(4φ R1 − φ m1 + φ m2 ).
It is not difficult to see that the gapping potentials result in a fully gapped state with a unique ground state. Let us determine how anyons are permuted by the reflection. Since φ L1 + φ R1 + φ L2 + φ R2 + φ m2 is pinned, we have R(em) =ēmf.
We can also see that η em = −1. The last two terms imply that φ L1 − φ R1 is pinned, so we find
In addition, the last two terms imply that 2φ L1 − 2φ R1 = ± π 2 , which leads to η e 2 = −1 following a calculation similar to the one in Sec. .
Combining Eqs. (S36) and (S37) we find that R(m) = e 2m f.
As a consistency check, we also find the following superposition of pinned fields:
4(φ L1 + φ R1 + φ L2 + φ R2 + φ m2 ) − (4φ L1 − φ m1 + φ m2 ) − (4φ R1 − φ m1 + φ m2 ) = 2(2φ L2 + 2φ R2 + φ m1 + φ m2 ), (S39) which implies η m 2 = −1. This is consistent with η e 2 η m 2 = η (em) 2 = 1. The STO can be simplified if we condense the charge-1 anyon e 2 m 2 , which breaks the charge-conservation symmetry. In the condensed phase there are four remaining anyons: 1, e 2 ∼ m 2 , em ∼ēm,ēm ∼ em, which is the double semion topological order. Notice that different from double semion realized in two dimensions, here the boson e 2 has η e 2 = −1, which is impossible in two dimensions. In fact, the theory is nothing but two copies of semion-fermion theories.
